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IT IS the object of this note to record a slight improvement on the result of Steenrod and 
Whitehead [7] concerning vector fields on spheres. The fields with which we shall deal 
will be defined on the (m - I)-sphere S”-’ ; let us write 2’ for the highest power of 2 
dividing m, and assume k > 4. Then we have the following result. 
THEOREM. If S”-’ admits q linearly independent vector Jields, then q < 2’-‘. 
For k = 4 this result is best possible (see 1.1 of [S]); for k > 4 it is probably far 
from best possib1e.t 
For the background of the vector-field problem, we refer the reader to [3, 4, 5, 71. 
Proof. The proof will follow that of Steenrod and Whitehead, except that we use 
secondary cohomology operations instead of primary ones. We first put in evidence the 
following relations between primary operations. 
(1) Sq*Sq*’ -f- Sq4Sq8’-* + Sq8’Sq2 + Sq8’f’Sq’ = 0 
(2) Sq’Sq8’ + (sq*Sq’)Sq8’-2 + Sq8rSq’ = 0. 
These relations allow one to define a secondary operation @. The domain of definition 
of @, and also its indeterminacy, can be read off from the relations (I), (2); we will now 
state them explicitly. The operation Q, is defined on cohomology classes x E H”(X; 2,) 
such that 
Sq8’x = 0, Sq+*x = 0, sq*x = 0, sq’x = 0. 
The values of 0 lie in a quotient group S/Q; here, S is the direct sum 
H n+8’+1(X ; Z,) + H”+8’(X ; Z,) ; 
and Q is the sum of the images of four homomorphisms, which we may indicate by their 
components, as follows : 
(Sq*, Sq’) : Hn+‘I-l(X ; Z,) + S 
(Sq4, sq*sq’) : w+8’-3(x ; Z,) + s 
(Sq8’, 0) : H”+‘(X ; Z,) + S 
(S9 8r+1, Sq8’) : H”(X ; Z,) + S. 
t See note added in proof on p. 65. 
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The construction of 0 is much as in [I]. Among classes x which satisfy the given 
conditions, there is one which is a universal example; this is the fundamental class e, in a 
certain canonical fibering E,. We now make our only departure from the details of [I]; 
we must display cP(eJ by giving two classes 01, z), instead of one. The class y in 
H”+*‘+‘(E,; 2,) is constructed using relation (I), and the class z in H”+ *‘(En; 2,) is con- 
structed using relation (2). 
Let RP” denote the real projective space of infinitely-many dimensions, and let 
u E H’(RPm; Z,) be the cohomology generator. Our main task is to exhibit non-zero 
secondary operations in this space. For this purpose we use the operation @ indicated 
above, specialising r so that 8r = 2k-’ (k > 4). Let n be an integer divisible by 2’; then 
@ is clearly defined on U” E H”(RP-; Z,). We must compute the indeterminacy of @(u”). 
The relevant homomorphisms are given by 
(Sq2, Sqr)un+*‘-r = (un+*r+:, un+*7 
(~4, ~&~$“+*r-3 = (g+*r+l, u”+83 
(Stp, o)u”+ 1 = (090) 
(Q *‘+ l* Si8’W = (0, 0). 
We conclude that @(u”) E S/Q z Z,. 
LEMMA. a(~“) is zero or not according as n/2k is even or odd. 
Proof. We first perform the corresponding calculation in the complex projective 
space CP m. Let u E H2(CP”; Z,) be the cohomology generator; then @(r?‘j2) is defined, 
and lies in the quotient group S/Q, where S = 0 + H”+*‘(CP*; Z,) and Q = 0. We 
therefore introduce the secondary operation Y which corresponds to relation (2), con- 
sidered without relation (1); we have 
O(u”‘2) = (0, Y(v”“)). 
But, by the choice of relation (2), ‘Y(o”‘~) has the same value as @0,k_l(d’2) (for which 
see [ 1, Chap. 41). By [I, Theorem 4.511, this value is zero or not according as n/2’ is even 
or odd. 
We now introduce the standard projection x : RP OD + CP *. We have 
cp(u”) = o(rr*@) = ?r*@(@). 
Moreover, the homomorphism 
7c* : H*(CP”3 ; Z,) + H*(RP ; 2,) 
induces an isomorphism between the respective quotient groups S/Q. We conclude that 
@(u”) is zero or not according as n/2k is even or odd. This completes the proof of the lemma. 
The lemma immediately implies the following proposition: if r~/2~ is odd, then there is 
no S-map 
f:RP"+*'+'/RP-'_,S" 
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of degree one. We now invoke Spanier-Whitehead uality [6]. According to Atiyah [2] 
the Spanier-Whitehead dual of RPs-‘IRP’-’ is represented by RP’“-‘-‘(RP’n-‘-‘; 
where I is an arbitrary integer and M is a large integer depending on s and t. We may 
certainly suppose that IA4 is an even multiple of 2’. Let us write m = ZIU - n. We 
conclude that if m is an odd multiple of 2’, k 2 4, then there is no S-map 
g: s m-i --, RP”-‘/Rpm-s?-3 
of degree one. From this the theorem follows by results of James [3,4, 51; see particularly 
Theorem 8.2 of [5], in conjunction with $1 of [5] and Theorem 1.3 of [4]. 
Remarks 
(1) It is possible to rearrange the order of the proof so as to exhibit a secondary 
operation W whose value is the non-zero element of 
Hm-1(RP”-1/RPm-8’-3 ; Z,) 1 . 
This operation a’ is of course the Spanier-Whitehead dual of @(cf[9]). Just as Cp takes 
values in a quotient group of H*(X; Z,) + H*(X; Z,), so 0’ is defined on a subgroup of 
H*(X; Z,) + H*(X; Z,). In the case at issue, W(U’“-~‘-~, u”‘-*~-~) is defined and non-zero. 
(2) To obtain a good result by the present method presumably requires operations of 
arbitrarily high kid. The major difficulty appears to lie in selecting the correct operations. 
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Note added in proof. A further note on this subject is to appear in the Bull. Amer. h4uth. Sot., making 
the present result obsolete. 
